XXVIL. A general Theory for the Menfuration of the Angle fub=.
 tended by Two Objects, of which One is obferved by Rays afier:
Two Reflections. from plane Surfaces, and the other by Rays:
coming diretly to the Spectator’s Eye. By George Atwood;,

M. A F.R.S..

Read June 21, 1781,

~ HE a&ual détermination of an-angle implies two obfer=
T vations, one taken at each extremity of. the arc. by
which that angle is- meafured. 'When fixed aftronomical qua-
drants or other feftors are ufed for the practical eftimation of
angles, one of thefe obfervations is previoufly made by divect-
ing the axis of the telefcope or line of collimation to fome fixed
point in the heavens, the index being then coincident with the
mitial point on the arc of the feCor : after this  adjuftment
one obfervation.only is neceflary to. afcertain: the angular

diftance.

g]‘

3

The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ W2
Philosophical Transactions of the Royal Society of London. STOR IS

= P

WWWw.jstor.org



396 Mr. arwoob'’s Theory for. the Menfuration

diftance between that point and any other celeftial obje& in the
plane of the {fector. This method, however, is evidently
impraéicable, unlefs the inftrament can be fteadily fixed ; for
which reafon aftronomical quadrants become ufelefs at fca; and
from the difficulties:-which attend placing them in their due pofi-
tion and adjuftment on firm ground, they are almoft wholly
confined to regular obfervatories.

Mr. mADLEY *, by an ingenious application of optical prin-
ciples, contrived to bring both extremities of the arc meafured
into the field of the {pettators’s view at the fame time; by
which improvement, angles are taken at fea, as well as on land
with an unfixed inftrument, to a degree of accuracy fufficient
for nautical and other purpofes, when the utmoft exaétnefs is
not required.

Mr. HADLEY’s invention is a particular cafe of a very
extenfive theory, as yet but little attended to. According to
his method, which is well known, the two refle&ting furfaces
ufed in the obfervation are perpendicular to the plane of mo-
tion; the diretion of the telefcope, and of the rays paffing
between the refle®tors being parallel to that plane ; whereas the
inclination of the telefcope, and of the intermediate rays, as
well as of the refleQors themfelves to the plane of motion,
admits of unlimited variety. A general theory to determine
the angle obferved by two refletions from the data on which
its magnitude depends, without limitation or reftrition, feems
applicable to feveral ufeful purpofes in pratical aftronomy. Hav-
ing never feen any geometrical conftrution or analyfis of this
curious problem, I was induced to beftow fome confideration

# Phil, Tranf: N° 420. See alfo a trad, intituled, The Theory of HADLEY’s

suadrant, by the rev, w. LUDLAM.
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of the Angle fubtended by Two Objesls, &e. 397
on the fubje&, and fhall be happy if the refult of my in-
«quiries appears to merit the attention of the Royal Society.

Art. 1. 'The manner of taking an obfervation by two re-
fleGtions unconfined to any particular cafe may be defcribed
thus, Let C, B (fig. 1.) reprefent two plane reflecting furfaces,
inclined to a plane OPA at any given angle. Through any
point of the refleing furface C draw a line perpendicular to
the plane OPA, and with the point where the line meets the
plane as a centre (which muft here be reprefented by C) and
any diftance CP, defcribe a circle OPA. The reflefting plane B
always continuing fixed, let the refleCtor C be moveable along
with the radius CP as it revolves in the plane OPA round the

centre C: the angular motion of the fpeculum C, referred
to the circumference OPA, will be meafured by the arc which
the radius CP defcribes, the inclination of the plane C to the
plane of motion OPA being always the fame, and equal to that
of the fixed {peculum B.

2. The two plane refleCtors, B and C, being equally in-
clined to the plane OPA, it follows, that during the motion of
C there muft be fome point O 1" the c1rcumference OAP at
which when CP arrives, the refletor C will be parallel to the
fixed refleCtor B.

3. When the moveable radius which carries round the plane
C is at any other pofition CP, let a ray ﬂO\;v*ing from a diftant
obje T impinge on the fpeculum Cj; let it be refleéted from
thence in the dire@ion CB, and being again refle(ted at B in the
dire@ion BG, let it be obferved by a fpe@ator’s eye at G; the
image of T will appear fomewhere in:the line GBS ; fuppofe
that a ray flows from a diftant objeét S fituated in the line GB
produced, and that this ray SG comes dire&tly to the fpectator’s

Vor, LXXI. Ggg eye



398 M. atwoon’s Theory for the Menfuration

cye at G: the ebje® S feen by direct rays, and the image of
the point T' feen by rays after two refleCtions, will appear to
coincide in the line GBS. This is an obfervation by two
refledtions, from which, together with fuch data as limit the
problem, the true angle {ubtended by the obje&ts T and S is to
be inferred,

4. The data which limit this problem, being neceflary for
the determination of the angle fubtended by T' and S are in
number four, which are next to be confidered. 1ft. One of thefe
data is the arc PO, being the angular diftance of the moveable
radius CP, meafured on the circumference of the circle OPA,
from that pofition CO, at which the two refle&ors are parallel 5
the fitwation of this arc OP in refpet of the point O being
fuppofed known, that is, it being known on which fide of that
point, OP is fituated in refpe& of the ray BG. 2dly, The com-
mon inclination of the reflefting planes B and C to the plane of
motion 1s another of thefe data. The third and fourth of
the conditions muft be mentioned rather more particularly.
'The ray BG is always underftood to be given in pofition im
refpet of the plane of motion OPA (confidered as immoveable).
being either coincident with the line of collimation of a tele-
{cope, or direfted by fights {0 as to be invariably fixed : the {pe-
culum B alfo being unmoved, the line or ray BC will never
change its pofition, from the known principles of refleGtion..
The angle CBG, therefore, and the half of that angle
being the angle of incidence at which CB impinges on B,.
will be always of the fame magnitude ; whereas the half of
the angle BCT, or the angle of incidence on the moveable:-
fpeculum C, is continually changing, while C is carried
found in the plane of motion: this conftant angle of in=
cidence or reflettion at the fixed fpeculum B will be
another of the data neceffary to determine the problem,

The



of the Angle fubtended by Two Objelts, &c. 399
The rays GB, BC, and the {peculum B, being fixed in refpet
of each other, and of the plane OAP, the plane CBG will
alfo be given in pofition; that is, itsinclination to the plane of
motion, or to any other fixed plane, will' conftantly be the
{ame: whereas the inclination of the plane BCT to the plane
of motion, or other fixed plane, will be continually changing
while the refle¢tor C revolves with the radius CP. The pofition
of the plane GBC conftitutes the fourth and laft of the datas
and it will be immaterial to what fixed plane it is referred. 1In
the enfuing folution the fituation of this plane will be defined
by its inclination to the fixed fecondary of the plane of motion
which paffes through the point O.

5. The enumeration of thefe data leads to the conftruc-
tion of the problem, a few obfervations being previoufly
inferted to prevent repetitions and unneceflary references. 1ift,
The objetts obferved are underftood to be lucid or illumined
points, and fo diftant, that the rays which flow from either of
them may be efteemed parallel without etror as far regards
thefe obfervations : fuch objects are the fixed ftars, any given
points in the difks of the fun or planets, &c. 2dly, As in mea-
furing the angular pofitions of objeCts which lie in the fame
plane, thefe objets are referred to the circumference of a circle, .
the centre of which is coincident with the fpeétator’s eye; fo
in eftimating the pofitions of objets which lie in different planes,
and of the inclinations of thefe planes to cach other, the ob-
jects, &c. are referred to the circumference of a fphere, of
which the centre coincides with the centre of the fpetator’s.
view: applying this to the prefent cafe, fince the lines
CT, CB, SG (fig. 1.) are fituated in different planes; in order.
to eftimate their pofitions, any point may be aflumed as
the centre of a {phere, and through that point lines are to be
drawn paralle]l to the given lines CT, CB, SG, the points in

Ggga2 which



400 Mr. arwoon's Theory for 1he Menfuration

which the lines interfect the {pheres furface will give their re-
lative fituations by the rules of trigonomety. 3dly, There
will be no neceflity to reprefeiit the refleing planes in the:
general conftruction, fince the pofitions of the perpendiculars
to the planes will give the fituations of the planes themfelves.

6. T'o determine by conftruion the angle fubtended by the
obje&ts T, S, from the data which have been defcribed, let
APOCQ_(fig. 2.) reprefent a great circle of the {phere to the
{urface of which the objes obferved, and the pofitions of the
incident and reflected rays, &c. are referred; C being the cen=
ter, CK the axis, and K the pole of this great circle; through
K draw any fecondary KO, and from the pole K, at the diftance
of the arc KF, =the meafure of the given inclination of the re-
fleting planes to the plane of motion, defcribe a parallel ox leffer
circleFIM: with the poleF, and at a diftance equal to a quadrant
defcribe an arc of a great circle interfeting the fecondary KO
produced in the point X, and in this arc from X take XY = the
meafure of the given inclination of the fixed plane of refletion at
the fpeculum B to thefecondary which pafies through the point O
and draw the quadrant YF, which produce in the direcion YF -
from F on either fide of F fet off FD equal to the meafure of the:
given conftant angle of incidence at the fpeculum B, and make:
FB (taken on that fide of F which is oppofite to D) equal to FD:
Draw the radius CO : from O fetoff an arc OP in the circum-.
ference OPA equal to the meafure of the angular diftance de-
{eribed by the moveable radius CP from that pofition at which
the refletors are parallel ; obferving that the arc OP be on that
fide of the point O which * correfponds with the conditions of the
problem (art. 4.): through P defcribe the fecondary KP inter--
fecting the parallel FIM in the pointI: through B and I defcribe

* Tt is fuppofed to be known, whether CP beginning its motion from the pofi~
tion CO approaches towards the vifual ray BG or recedes from it.

the



of ‘the Angle fubtended by Two Objells, &c. 401
the arc of a great circle BIE, and in it take EI equal to IB:
through D and E draw the arc of a. great circle DE : the arc
DE will be the meafure of the true angle fubtended by the
objects obferved, according to the data of the problem.

Previous to the demonftration of this conftrution, the appli-
cation of it to the method of obfervation by two refleftions.
thould be defcribed. Join CP, CI, and CF. To the extremity C
of the radius CP let a plane fpeculum be affixed, CI being
always perpendicular to this plane: as PC revolves in the plane
of motion, the perpendicular CI will defcribe the parallel or
lefler circle FIM, and when CP coincides with CO, CI will
coincide with CF. Through B draw BR parallel to CF, and
let a plane fpeculum be fixed at B perpendicular to BR; CI*
and BR being parallel when the perpendicular CI coincides
with CF, the refle¢tors at C and B will then be parallel.

Join CD, and produce it to a very diftant point S, and
through B draw GBS parallel to CDS ;- the refleGors C and B
being parallel, and their perpendiculars coinciding with CF and
BR, let a ray SCimpinge on the refletor C : becaufe FC is the
perpendicular to the fpeculum C and the arc DF = FB by con-
ftruction, thefe arcs being in the plane of the fame great circle
DBQ,, it follows, that the ray SC will be refle®ted from C in
the diretion CB, impinging on the {fpeculum B at the angle of
incidence CBR; and fince DC and BG are parallel by con-
firuction, and the parallel lines FC BR fall on them, the
angles RBG, FCD, will be equal, and FCB or CBR=RBG.
CB therefore being the ray incident on the {peculum B will be:
refleCted in the dire@ion BG parallel to SC; and a ray SG com-~
ing direétly from S will be feen coincident with the refleGted
ray BG. Here we obferve, that the planes of refle¢tion at C
and B, that is, the planes DCB and CBG coincide, the re-
fleCtors being parallel.

Let
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Let the radius CP move from the pofition CO, catrying with
it the {peculum C and its perpendicular CI: then, EI being
equal to IB by conftrution, a ray impinging on C in the di-

~reCtion TEC will be refle&ted in the plane ECB, and becaufe
ECI=ICB, the refletted ray will coincide with the line CB,
and after refle®ion at B will # proceed in the dire®ion BG,
being coincident with the ray SG which comes diretly from S,
When the perpendicular CI leaves CF, the plane of refletion
ICB becomes inclined to the plane of refle¢tion DCBG with
which it before coincided ; but the pofition of the rays CB,
BG, and of the perpendicular BR, remains unaltered ; foi
which reafon the plane GBCFD correfponds to the fixed plane
of refleGtion defcribed among the conditions (art. 4.). When
CI was coincident with CF, the radius CP was coincident with -
CQ, O being the initial point of the arc OP, defcribed by the
.radius CP, denoting that when CP coincides with O, the re-
fleCtors being then parallel, the inclination of the ray SC ob-
ferved . after two refletions, and SG obferved by dire& rays
parallel to SC, is nothing: the great circle KO, therefore,
which pafles through O and ¥, will be the fixed or primitive fe-
condary to which the inclination of the fixed plane of reflec-
tion at the fpeculum B 1s referred.

The demonftration of the conftruétion will confift of two
parts, It muft be firft thewn, that the conditions or data of
the problem are obferved in the conftruétion.  2dly, That the
magnitude of the arc ED, which meafures the angle fubtended
by the obferved obje&s is limited or determined by them.

Suppofing the angle T'CS to be of any unknown quantity,
it has appeared, that according to the conftruction, the rays
which come from T, and are {een after two refleétions at C and
B, will be obferved to coincide with the rays which come

* Supra,

5 dire&tly
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dire@ly from S. ‘That the conditions of the problem are ful-
filled in the conftru@ion is demonfirated thus :

1ft, The inclination of the refleétors B and C to the plane of
motion was conftructed of the magnitude which is meafured by
the arc KF. KC is perpendicular to the plane of motion. CF
is perpendicular to the refleCtor C, and the inclination of thefe:
two lines CK, CF, i1s.meafured by the arc KF'; but the incli-
nation of any two. planes is the fame as the inelination of
two lines which are perpendicular to them s the inclination
therefore of the refle¢tor C to-the plane of motion is meafured:
by the arc KF, and: the {peculum B is. equally inclined to the:
plane of motion with C by the conftrution, the perpendiculars.
CF and CI being parallel when both. are fituated in. the plane of
the fame great circle DBQ. |

2dly, KO- being the fecondary to- which the pofition of the
fixed plane of reflection DFB.at the {peculum B was referred,,
that given. inclination will be equal to the angle OFB, which:
is meafured by the arc XY according to the conftruttion, FY
being a quadrant..

3dly, Moreover, FD=FB, was conftrutted equal to the con-
ftant angle of incidence at the fixed fpeculum ;. CBR is. the:
angle of incidence at the fixed {peculum B, andit is equal.to the:
angle BCF, becaufe CF and BR areparallel by conftruion, and:
CB falls on them; FB, or its equal FD therefore is truly con-
firucted the meafure of the given conftant angle of incidence at:
the fixed {peculum B.

4thly, Becaufe it has been fhewn that CO'is the pofition of’
the radius CP, when. the refleCtors are parallel, the arc OP is:
rightly conftructed. the meafure of the angular. diftance of. the:
radius CP from that pofition.

It remains only to demonftrate that thefe four given: quanti--
ties, KF, OP, XY, and DF, limit the magnitude of the arc:

ED::
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ED: through I and F draw the arc IF : then the given arc
KF orKI, and the angle IKF, meafured by the given arc PO,
define the tl‘id{lgle IKF, and in it, therefore, the fide 1F and
and the angle IFK are determined. 1If from IFK, the given
angle DFK, meafured by the arc XY, be fubtracted, the re-
maimnder IFD, and IFB -its‘fupplement to 180° will be defined :
the given arc FB, with the angle IFB and 'the arc IF, deter-
mine the angle IBF, and the arc 1B, or its double BE : and the
-giVen arc BD, the arc BE, with the contained angle DBE before
determined, define the arc ED, which 1s therefore the true mea-
{ure of the angle fubtended by the obje&s obferved under the
conditions fulfilled in the conftruction.

4. "The computation of the obferved angle DCE being for
the prefent omitted, {fome confequences which follow from the
conftruétion may be inferted in this place, being either corol-
laries, or fuch truths as admit of eafy geometrical dedution
from the general propofition. The line DC will always be the
pofition of the vifual ray or line of collimation of the telefcope
ufed in the obfervation, and the inclination of it to the plane
of motion will be meafured by the complement of the arc DK
to a quadrant. The line BC will be the pofition of the ray
which pafles between the refle@tors B and C, and the inclina-
‘tion of it to the plane of motion will be meafured by the com-
plement of the arc BK to a quadrant. Thefe arcs are left out
of the figure, that the more material parts of the conftruttion
might not be confufed by them.

8. Every thing elfc remaining, let the parallel FIM (fig. 3.)
be proje&ed on the plane of motion QOP. Through the
points F and 1 draw the arc of a great circle NIFR. The ob-
{esved * objets T and S, or, which is the fame thing, the points
of interfection at the fphere’s furface E and D will be at equal

* -Comparefig. 2.
perpen-
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perpendicular diftances from this arc; which ;nay be demon-
firated thus, Through the points E, D, and \B, draw the
arcs EN, DL, and BR, perpendicularto NIFR : then the tri-
angles DFL, FBR, being equal, DL will be equal to BR;
moreover, the triangles ENI, IRB, being equal, the arcs EN,
RB, will be equal: from whence it follows, that EN = DL, or
‘the perpendicular diftances of the points E and D from the arc
of a great circle which pafles through the points I and F, are
equal. It appears alfo, from the fame conftrution, that the
arc NL, intercepted between the two perpendiculars EN, DL,
is equal to twice IF': for becaufe the triangles EIN, RIB, are
equal, as are the triangles DLF, RFB, it follows, that NI is
equal to IR, and LF to FR, wherefore 2IR =NR, and 2RF
= LR : whence, by {ubtra&ting equals from equals, 2RI — 2RF’
=NR - LR, or 2IF =NL, which was the equality to be de-
monftrated. ;

9. From this laft conftruction and demonftration the follow-
ing proportion is inferred. As radius : cofine of DL or EN,
{o is the fine of IF to the fine of half the arc ED, or of half the
obferved angle : for if the arcs NE, LD (fig. 3.), be continued
until they meet in the pole H, thearcsNH, LH, will be qua-
drants, and the triangle EHD ifofceles, which, from a property of
{pherics too obvious to need demonftrating, gives this propor-
tion: as the chord of NL to the chord of ED, fo is radius
to the fine of DH, or cofine of DL ; but the chord of NL is
equal to the chord of 2IF from art. 8. We have, therefore,
as radius : cofine DL, fo is the chord of 2FI to the chord of
ED, or, which is the fame proportion, as radius : cofine DL,
{o is the fine of IF to the fine of half ED.

10. From the laft article it appears, that the fine of half
the angle between the obferved objes, or the fine of half ED,

Vor, LXXI, Hhh is
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is proportional to the fine of FI and the cofine of DL jointly
confequently the fine of FIbeing the fame, fin. £ ED is propor-
tional to the cofine of DL ; this will lead to the reafon why i
enumerating (art. 4.) the * conditions which limit the magnitude
of the obferved arcED, the pofition of the {fecondaryKP, in refpect
of the point of interfe@tion Q_and of the fixed fecondary KO,
was annexed : for it will appear, that every thing elfe being the
fame, the magnitude of the arc ED will depend on the pofition
of the fecondary KP, whether it be on one fide of the fixed fe-
condary KO, or on the other, the angles PKO, pKO, being equal.
Having fet off Op=0P draw the {econdary Kp interfeting
the parallel FIMU in the pointU; and through B and U draw
the arc of a great circle BUW ; take UW =BU ; and through
D and W draw the arc of a great circle DW : then by the
conftrution and demonftration in art. 6. the angle fubtended
by the obferved objects will be meafured by the arc DW, and it
will be eafy to thew, that DW is not equal to DE, except in
two extreme cafes; that is, when the fixed plane of refleGtion
DEB is either coincident with the primitive fecondary KO or
perpendicular to it. Through the points F and U draw the
arc of a great circle VFU, and from D draw the arc DV
perpendicular to VEU: fince 4 the fines of half the arcs
DE, DW, are in a proportion compounded of the proportions
of the fine of II' to the fine of FU, and of the cofine of DI
to the cofine of DV, the fines of IF, FU, léeing equal by the
conftruétion, the fines of half thearcs ED, DW, will be in the
{ame proportion with the cofines of DL and DV, which are
evidently unequal; confequcn_tly,/ the fines of half the arcs
DE, DW, and therefore the arcs themf{elves, muft be unequal.
11. ‘The angles PKO, OKp, remaining equal, when the
fixed planc of refleCtion BFD (fig. 4.) 1s coincident with the

# Compere fig, 2. t Supra.
fecondary
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fecondary KO, or at right angles to it, the perpendiculars DL,
DV, become equal in both cafes, which is obvious from the
equality of the triangles DVF, DLF; 1t follows, therefore,
(art. 10.) that the fines of FI and FU, and the cofines of DI,
DV, being equal, the arcs DE, DW, will be equalin thefe two
extreme cafes, but in no other. |

12. Since the angle fubtended by the obferved objets (art.
10.) depends only on the fine of IF and the cofine of DL, it
is plain, that if the points D and B be interchanged, (fig. 2, 3, 4.)
the angle obferved will not be altered, every thing elfe remaining
the fame; becaufe neither the fine of IF, nor the cofine of DL,
isaffe@ted by this change. For this reafon in any conftruction for
meafuring angles by two refleCtions, the pofition of the * vifual
ray may be altered into that of the ray BC paffing between the
refle@ors, which will become in that cafe the fituation of the
vifual ray, this alteration noways affecting the obferved angles.

13. While the perpendicular CI (fig. z. and 5.) defcribes the
parallel FIM, the angle of incidence on the moveable fpeculum
C, that is, the ailgle ECI or ICB, meafured by the arc BI,

“continually increafes until it arrives at a certain limit. ‘This
limit is determined by drawing through the points B and K.
the arc of a great circle BKM. When the perpendicular CI
arrives at M, the arc BM is the greateft pofiible, which will
therefore be the meafure of the greateft angle of incidence on
the moveable f{peculum, according to this conftruion, the
radius CP having then defcribed from O an arc which 1s the
meafure of the angle FKM. Now it is plain, that if the arc
MB thould be greater than a quadrant, there can be no vifion
by two refletions, when the perpendicular CI coincides with M
(fuppofing the moveable {peculum to reflet on one fide only)

becaufe the angles of incidence and refle¢tion on any {peculum

* The pofition of the ray DC is the famc with that of the ray BG parallel to-
it, when referred to diftant objets.

Hhhoa2 muit



408 Mr. arwoon’s Theory for the Menfuration

muft be lefs than ¢o° If BM be lefs than a quadrant, an
obfervation by two refleCtions may be taken when the radius
CP isdireQed to any point in the circumference of the plane of
motion. When the arc BM isgrcater than a quadrant, two
other limits will be produced in the circumference of the plane

OCP ; while the radius CP is between thefe limits, no obfere
vation by two refletions can be taken : thefe limits are con-

ftru&ed thus (fig. 6.). BM being greater than a quadrant, with

the pole B and diftance BI equal to a quadrant, defcribe the
arc of a great circle 1/ interfeing the parallel FIM in the
points I and 7: through I and 7 draw the {econdaries KY, KZ:

while the radius CP is between Z, and 'Y no obfervation can be

taken by two refleGtions. If BIE, B/E, be drawn equal to a

femi-circle, and DE joined, then DE will be the meafure of
the limiting angle which can be obferved by this conftruétion,
either on onc fide of KO or on the other; and becaufe, by the
principles of trigonometry, the arcs BD and DE are in the fame
great circle, BDE being a femi-circle, we thall derive from the
conf¥rution this conclufion : the difference between 180 and
double the angle of incidence on the fixed {fpeculum, will be a
limit which terminates the angle obferved by two refletions in

every cafe, when the arc BM is greater than a quadrant ¥,

14. In any given example formed on the principles which
have been demonftrated (fig. 2.) for the eftimation of angles
by two refletions, three of the four quantities neceflary to
determine the refult muft conftantly be the fame, while the.
fourth, thatis, the arc OP, varies with the magnitude of the
angle fubtended by the objects obferved : the different magni-
tudes of thefe three given quantities will caufe a great variety
of properties in conftructions which depend on the general

* ‘This termination of the angle which can be obferved by two refle¢tions may
happen while the obferved angle is increafing or decreafing during the revolution
of the index in the plane of motion,

4 theory.
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theory, If the angle DFK (fig. 2.), being the inclination of
the fixed plane of refletion to the primitive fecondary be
=90°, and the arc KF, or the inclination of the refle@ors to
the plane of motion, be = 9o° alfo, the conftrution will be-
come that of HADLEY’s inftrument (fig. 7.), whatever be the
magnitude of the arc DF, that is, of theangle of incidence on the
fixed {peculum B : in this cafe the pointsF and O, and the points
I and P, coincide. Here IF or PO meafures the inclination of
the refleCtors to each other ; and becaufe BF =FD, and BI=1E,
by conftrulion, it follows, that DE = 2PO, that is, the angle
fubtended by the obferved objects is double to the angle at
which the refleCors are inclined to each other. Thhisis a known
property of HADLEY’s inftrument, in which the vifual ray, and
the ray intermediate between the refleCtors, are in the plane of
motion, which is alfo exprefled in the conftruéion, DC and BC
coinciding with the plane POC.

15. Bife@ KO in F; then will KF=45° (fig. 8.).. The
vifual ray CD being coincident with the plane of motion, let:
the -inclination of the reflettors to that plane be equal to:
45°: moreover, let the angle * DFK =180°;. fo fhall' D coin--
cide with O, and B with K : this will afford a good example
to the general theory. Let the radius CP move into any given
pofition, carrying with it the fpeculum C and its perpen-
dicular CI: here the obferved obje& E and the point B are
always equi-diftant from I; and becaufe BI is half a quadrant
by conftru&ion, it follows, that IE will be of the fame mag-
nitude, BE therefore will be a quadrant,. and confequently E’
will coincide with P, beirig always in the plane of motion.
The following properties are alfo derived from this conftruGion.
1ft, The arc DE fubtended by the obferved objects 1sequal to
the arc defcribed by the index or moveable radius CP from O ;.

# Compare fig. 2,
differing
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differing in this from Mr. HADLEY’s ¢onftruétion, in which
the angle obferved is equal to double the angle defcribed by the
moveable radius from the initial point of the arc O. While
therefore the moveable {peculum C is carried round by the ra-
dius CP in the plane of motion according to the new conftruc-
tion juft defcribed, the image of Emoves with an angular velocity
juft equal to that of the radius, the motion of the image being,
according to Mr. HADLEY’s invention, always greater than that
of the radius in the proportion of 2 to 1. 2dly, The angles
of incidence and refle@tion on both furfaces are conftantly the
fame, being equal to 45° 3dly, BI (art. 13.) being always
lofs than go°, obfervations by two refletions may be taken all
round the circle, that is, angles of any magnitude may be-
meafured by this conftruction. It will not be difficuit in prac-
tice to regulate the inclination of the plane refleCtors to the
“plane-of motion, with the other given quantities to their true
magnitude. Let the reflettors B and C be brought parallel
‘when the index or radius CP is dire¢ted to O, being the initial
point of the arc OP: ‘in order to examine whether the fixed
plane.of refledtion BFD be coincident with the primitive fecon-
dary KO, it is.only neceflary to obferve the angle fubtended by
‘two given objects when the index CP is on the different fides of
the initial point O : if the index be direted to unequal diftances
from that point at the times of .obfervation, a correétion is re~
‘quired (art. 1.1.). To examine whether the inclination of the
refletors to the ‘plane of motion be exaétly 45°, let the index
‘CP be direéted to :180°: if the inclination of the refle&tors to
cach other be not then = 9o°, a correction muft be applied. It
will be known whether the inclination of the refle&tors to each
.other be = go°, by obferving the two oppofite horizons at fea,
and at land by various obvious methods. Thefe examinations
are
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are wholly independent of the inclination of the telefcope to the
plane of motion, which is regulated toits true fituation parallel
to the plane OPA, by making the plane OPA fixed in regard to
diftant obje&s, and by obferving if the images of obje&s E, feen
after two refleions of the rays, defcribe the arc of a great circle
while Cis carried round the plane of motion. Any three fixed ob-
je@s, at a fufficient diftance, and fituated in the fame plane with
the obferver’s eye, will be {ufficient for making this adjuftment.
Fig. 9. 10. and 11. reprefent the progrefs of the rays, and
the pofition of the refletors according to this conftruction. T'C
_Is a ray iffuing from any object T in a direftion parallel to the
plane of the motion, and impinging on the fpeculum C, which.
1s inclined to. that plane at an angle of 45°: from hence it is
refle@ed in.the dire¢tion CB perpendicular to the plane OCA,
and being there refle¢ted by the {peculum B proceeds in the given
or conftant dire&tion BG parallel to the plane of motion OPA.
16. There is another conftrution which follows. from the
general theory, the defcription of which fhould not be -
omitted. 'This will require fome little .explanation. As be-
fore (fig. 12.) let OPA reprefent the plane of motion, K its .
pole, FIM a parallel or lefler circle projected on it, the diftance
of this parallel from the pole K being meafured by the arc FK ;-
let KO be the piimitive {fecondary, and BFD the fixed plane of
refleion on the fpeculum B coincident with it. The other -
parts of the conftruction * remaining, it has been demonftrated -
(art. 10.), that the fine of half the obferved angle, that is, .
the fine of half ED, is proportional to the fine of 1F, and
the cofine of DL jointly. Every thing elfe being the fame,
it is manifeft, that the fine of half ED will be proportional to.
the fine of IF: as therefore the arc KF, that is, the inclina-
tion of the refle®ing planes to the plane of motion, is decreafed,

* Compare fig. 2, and 3.
the
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the angle meafured or arc ED will become {maller at the fame
time, becaufe FI decreafes with KF, the angle IKF remaining.
This property feems applicable to good purpofe in meafuring
{mall angles, not only from the great extent of fcale, which
is here obtained, but from various advantageous circumftances,
which will appear in the fubfequent article, and from the com-
putations annexed in thofe which follow.

In this conftru&ion the fixed plane of refletion is made
coincident with the primitive fecondary for various reafons :
there are only two pofitions of that fixed plane which admit of
eafy and exa&t adjuftments ; thefe are when the fixed plane of
refleftion is either perpendicular (art. 11.) to the primitive fe-
condary or coincident with it. ‘The latter pofition is preferred
exclufive of the advantages it poflefles in common with the
other, becaufe it affords means for a very precife adjuftment of
the inclination of the refleGting planes to the plane of motion,
that is, of the arc KF ; for if the primitive fecondary OKMD
(fig. 12.) be produced, and in it DG be taken equal to four times
KF, it is manifeft, that when the perpendicular CI coincides with
M, or, which is the fame thing, when the radius CP is directed
to 180° the obje@ E obferved by two refletions will coincide
with G, becaufe BF=FD and BM=MG by conftru&ion, If
then two given objects be obferved when the index points to 180°,
the inclination of the plane refleCtors to the plane of motion
will be one fourth part of the angle {fubtended by thefe objeéts.

Concerning the magnitude of thearc FB, being the meafure of
the angle of incidence on the fixed {peculum,and of KF = the in-
clination of the refletors to the plane of motion, it will appear,
by the computations*, that the fmaller they are both taken, every
thing elfe being the fame, the more exalt will be the refult of
the obfervation ; but both are limited by circumftances which

* Infra,

thould
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thould next be defcribed ; thefe will be more obvious if an out-
line be annexed, reprefenting this particular cafe of the theory
adapted to the menfuration of fmall angles when reduced to
practice. OAPC (fig. 13.) is the plane of motion, C the
moveable {peculum carried round in the plane of motion by
the radius CP; a ray coming from any diftant obje&t T im-
pinges on the fpeculum C, and being refletted in the direGtion
CB, is there again refleted in the direion BG, pafling along
the axis of a telefcope. A ray coming from another diftant
objedt S, inclined to the ray T'C at a {fmall angle enters the tele-
feope parallel to the direction of its axis, which is coincident with
BG, and confequently the images of the two objeéts Sand T will
be feen to coincide in the middle of the field of the telefcope,
the angle fubtended by them being BGT, which muft be deter-
mined by the fubfequent computations.

17. By this figure (fig. 13.), without further argument, if
is plain, that the magnitude of the reflecting fpeculum C limits
the conftant angle of incidence on B for were thatangle = o, the
lines CB, BG, would coincide, by which means the ray BG
and others adjacent to it would be intercepted from enter-
ing the telefcope. The magnitude of the refle¢ting plane de-
pends on the quantity of light required; if a circle of about
1 2 inches diameter be {ufficient, and the perpendicular diftance
of the refle¢ting planes be made equal to five inches, the leaft
angle of incidence, confiftent with thefe conditions, will be
about #°. It is however to be remembered, that the magnitude
of the refletors thould be adapted: to the aperture of the tele-
fcope ufed in the obfervation.  As the area of.the {peculum in-
creafes, the light admitted into the fame telefcope decreafes,
and thefe areas thould be {o proportioned as to afford equal quan-
tities of light, fo that the objeéts feen by two reflettions, and
by direc rays, may be nearly of e(lual brightnefs ; but for the

Vor. LXXI. Iii fake
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{uke of conftrufting an example to this theory, the magnitude
of the refleting planes and the angle of incidence on the fixed!
{peculum B depending on it may be affumed of the value men~
tioned in this article.

18. The magnitude of the arc KF, or of the inclination of
the refleéting planes to the plane of motion is limited by the:
angles which the obferved objeéts fubtend (art. 16.). Fig. 12..
Becaufe the greateft angle obfervable will be meafured by four-
times the arc KF, it follows, that the arc KF muft not be lefs.
than one fourth part of the greateft angle intended to be ob-
ferved by this eonftruion ; if the inclination denoted by the’
arc KF be fixed at 10/, four times that angle being 40’ will be-
greater than the apparent diameters of the fun or any of the:
planets. - -

19. It remains to infer from the preceding conftru®ion (figs
2), the attual meafure of the angle fubtended by the objetts.
obferved. ‘This muft be effe¢ted by computation, which will
not only ferve as an illuftration of the theory, but afford means.
of eftimating and comparing the errors in the angle deduced,,
occafioned by the unavoidable errors in obfervation and prattical
conftru&ion ; an examination extremely ufeful in aftronomical
fubjets : next to removing errors entirely from obfervations,,
which is {carcely to be hoped for, the leflening, circumftribing,
and reducing them within known limits is an obje& of prin-
cipal confequence..

20. The conftruftion of fig. 2. remaining, through the
points F and I (fig. 14.) draw the great circle FI.  Bife& FI in
Q,, and through the points K and Q draw the arc KQ, which
will be perpendicular to IF. To determine by computation the
arc ED which meafures the angle fubtended by the obferved
objects, three fpherical triangles, KQF or KIF, IFB, and
DBE, muft be folved, for which the data are evidently fufficient

5 or
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cor the value of ED may be obtained from the folution of twe
triangles KQ¥ and DFL, with the proportion demonftrated in
art, 9.

21. To proceed with the computation, through D draw
the arc DL perpendicular to FI, and let the fine of QKF =p,
being the fine of half the arc OP, the meafure of IKF : put the
fine of KF =y, the fine of DF =m, the fine of DFK =#, ra-
dius = 1. In the right-angled {pherical triangle KQF, the pro-
perties of {pherics give this proportion : as radius to the fine
of KF fo is the fine of QKF to fine of QF; wherefore
fin. QF=sp; cof QF=¢/ 1-57; and fin. FI (FI being
double to QF) = 25p x /1 -5+ Moreover, becaufe as rad.
to cof. QK fo s cof. QF to cof. KF, we have cof. KQ=

V/1=% . and fin. KQ = VS =P, Andfince as rad. : fin. QFK.
Vi-ps Vi-dp

fo is fin, KF to fin. KQ; this proportion gives fin, QFK =
5_‘_"_711.; and becaufe the fine of the angle LFD is the fine of
) I _szpz

the difference (or fum) of the angles QFK, DFK, of which

the fines are, fin.QFK = vizp juft found, and fin, DFK =z
I _SZPZ
by the data, we have from the,rules of trigonometry,

. . ’ ”\,\/I__pzx vl_na:‘\/pznz__nzszpz

ﬁﬂ. * DFL pased Vo szp" »
and fince in the right-angled triangle LDF, as rad. : fin. DF :: fin.,
DFL : fin. DL, and by the problem fin. DF = m it appears, that

# If the points P and Q_be on different * fides of the point O as they are repre-
{ented in the conftrution, the laft term will be affected with the fign — : if P
and Q be on the {ame fide of O, the fign of the laft term will be 4-. 1t may be
here obferved, concerning the geometrical conftruction (fig. 2. and 3.) that when
P and Q_are on different fides of O, the angle obferved ED will be greater than
when thofe points are on the fame fide of the initial point O, the arcs OP, Op,
being equal,

# Compare fig. 2.

liiz fin,
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2,2 2 2

fin. DL= ML= prx V=i = Y prmn® — o nls and

s bl
V- I......szpz :

s e 02— g 2t = P PR o pn X V1=t VT — 5 x VT
1in. DL = T— Szpz‘ :

and the fquare of the cofine of DI

N =P B P R 2P P o pn X V1 — PP x V1 x VT
.ﬁ. 2 z .
1—5p

The fine of IF was thewn to be 25p x /1 —sp, and its
fquare = 4a'zzb"xm: moreover, it was demonftrated. In
art. 9. that as rad.” : col. DL it fin. IF" : fin. $ED* which
gives, by fubftituting the values of cof. DL* and fin. IF*, and
multiplying the col. DL into fin. 1IF?, fim. £ ED* =

4521)2.)( f.*szpz—_mz—}fUIlrf—!;])zlll""—zpzmznz-i-m2n232p2i277¢_zpnx VI—.\Z'X VIV‘PZX Vl—n”"“

and the cofine of :ED*=

s P o pn X V 1= X W T-pE X A 1A

finally the cofine of ED is therefore =

1- 4% X 1= p=n* - i n® 4 pPm*—2p

2

1-85%p% X 3= s?p?~m* 4 m*u 2p

APl =2 p it et P e o pn X 1= X Al 1= P X A 11
- 22. The particular cafes inferred from the geometrical con-
ftruction may be compared with this analytical value of the cofine
of ED, or of the angle {ubtended by the obferved objects. Bf
s=1and n=1, by {ubflituting 1 for s and zin the expreflion
juft found, we fhall have the cofine of ED = 1 — 8"+ 8", which
is the cofine of an arc four times greater than that of which the
fine = p. Thisan{wers to. the properties of HADLEY’s inftrument;,
in whichKF or the inclination of the refle&ting planes tothe plane
of motion 1s go°, and its fine =1 =s: moreover, in HADLEY"S
inftrument, the fixed plane of reflection at the unmoved fpecu-
lum 1s parallel to the plane of motion, and therefore perpendi-
cular to any fecondary of that plane; its inclination to any fe-
condary
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condary therefore will be go°, and the fine of this inclination:
=1=n by the problem. And fince p is the fign of half the
inclination of the refleCtors, the angle of which the cofine is
1 —8p" + 8p* will be twice the inclination of the refleting planes,.
which is a property of HADLEY’s inftrument. In the analytical
value of the cofine of ED, the laft term is affetted by two figns ;-
thefe depend on the pofition of the fecondary KP and the in-
terfe¢tion Q in refpeét of the point O. If the fecondary KP
or the index CP be on the fame fide of O with the interfection.
Q (fig. 2.), the fign of the laft term is negative: if CP and:
Q_be on oppefite fides of O, the fign of the laft term will
be pofitive; and when DFK=o0 or 180° the whole term
vanithes, becaufe in that cafe #=o. Alfo, if m=o0, n=1,

s=1, orif p=1, the laft term vanithes. When 771:5:7;_:,
KF =45°: inthis cafe, if #="20 the conftrufion will be that de-
feribed in art. 15. and the cofine of the obferved angle ED will
equal 1 —2p", the other terms vanithing : and becaufe 1 — 2p” is
the cofine of an arc double to that of which the fine = p, it
follows, that the angle obferved will be equal to the arc
defcribed by the index from o, of which the fine of one
half is by the problem = p. In every cafe, when n=o,,
that is, when the fixed plane of refle&tion at the unmoved fpe--
culum coincides with the primitive fecondary KO (fig. 2. and.
12,), the cofine of ED =1 85" x 1 —5'p* —m’* + p'mr’.

23. The fine of ED will be neceflary (art. 27.) to afcertain,
the variation of ED from the truth accafioned by errors in:
the data ; to obtain fin. ED let
1=5p*=m" 4 0l u* 4 PP = 2?0+ M amtp XY 1-5" %V 1-p7 X A 1=1E:
=d: then (art. 21.) from the value of cof. 3ED we have:
fin, ED=4s5px v/ dx/1—45p'd. When s is very fmall,

andi
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and n=o0, d=1—m"m"p" nearly, which gives
fin, ED=45p x /T~ m*+m’p’ nearly.

24. The cofine of the obferved angle reprefented by ED
(fig. 2. and14.) in the conftruction, being computed from the
four given quantities p, s, 7, and 7, if either of thefe thould
deviate from its true value, the angle deduced will be erroneous:
and from the general -expreffion for the cofine of ED, an efti-
mation ef this error will be obtained. In the inveftigation,
however, it muft be obferved, that although the fmall incre-
ments or decrements of arcs or fines are aflumed proportional te
the fluxions of thefe quantities, which is ftrictly true only in
the nafcent ftate of the increments or decrements, yet when
the given variations are in a praétical fenfe very {mall, the
eftimation of correfponding wvariations will be in general fuffi-
ciently exat for practical purpofes.

24. Small increments and decrements, that is, fmall varia-
tions, being aflumed proportional to the fluxions of arcs and
of their fines and cofines, if the variation of the fine or co-
fine of any given arc be known, the cotemporary variation
of the arc will be for the moft part inferred from the following
pmportions-: as fin. : rad. 11 —cof, : arc; and as cofl : rad. =
fin. s arcc.  But thefe proportions muft be ufed under
reftriltions very neceflary to be inferted in this  place, be-
ing true when applied to the intermediate parts of the
quadrant only and failing at the extremities; for example,
at the very beginning of the quadrant, or at the very end
of the femi-circle, the variation of the cofine is the verfed fine
of the arcs increment or decrement, which gives the proportion

as fin. 2 2 » rad. 31 —cof. : arc, being wholly different from the
former: in like manner, at the very extremity of the qua-
drant,
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drant, the increment of the fine becomes the verfed fine
of the arcs laft increment, which gives this proportlon as

¢of, + 2 x rad. :: T, + arc. Aund fince in this cafe arc:coﬁne,

we fhall have,—a}?: = \/ 2 » Tin. radius being = 1. In the other
parts of the quadrant which are not very near its extremity,.

-

——  fin,

arc =—-; having given, therefore, the variation of the fine

or cofine of any arc, the fine or cofine being known; the
gotemporary variation of the arc itfelf may be cbtained, when
it is either at the very extremities of the quadrant, er at
fome diftance’ from thofe extremities. The difficulty lies in:
afcert'unmg in: what part of the quadrant the value of the

- ﬁn ’—cof

arc = E—(;{:"“ fin.

begin te: fail, and the value exprefled by

arc = \/ x firt. or — \/ 2 % cof, to- take place. This leads to
a generwl propofition comprehending both thefe values for the
arc’s variation, extended to every part of the quadrant.

The propofition: is this : the difference of the cofines-is to
the chord of the difference of any two arcs, asthe fine of am
arithmetical mean betweenthem to radius;. and the difference of
the fines 15 to the chord of the difference, as the cofine of the
fame arithmetical mean: to-radius.  Let AB, AF (fig. 15.) be
the given arcs ; BF their difference ; BL, FH, the fines; CL,
CH, the cofines of the arcs AB, AF, refpeéively ;. join CA, CB,
CF, and FB; FB will be the chord: of the difference of the arcs
AF, AB. Through B draw BG parallel to CA ;. then HL =BG
will be the difference of the cofines, and FG the difference of
the fines. Bife@ FBin D, {o fhall DA be an arithmetical mean:
between thearcs FA, BA ; join DC, which will inter{fe&t FB at’
right anglesin E: through D and E.draw DK, EI, perpendicular

tor
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to CA: DK will be the finé, and CK the cofine of the mean.
arithmetical DA : the fimilar triangles CEI, CDK, FGB, give
the following proportions :
HL or GB: FB :: DK : DC, and
GF : FB :: CK : DC, which was the propofition
to be demeon{trated *.

* When FB (fig. 15) is fo fmall in ‘comparifon of FA, that FG fhall be eva-
nefcent in comparifon of FH, FH and BL will be in the ratio of equality,
aud confequently the ratio FH : FC equal to the ratio BL : BC, or to the ratio
DK : DC; for this reafon, and becaufe it has been.proved, that as HL : FB ::
DK : DC, it follows, that as HL : FB =2 FH or BL : BC, that is, as the variation
of the cofine is to cotemporary variation of the arc, fo is the fine of the varying
arc to radius; and, for fimilar reafons, as the variation of the fine is to the
«cotemporary variation of the arc, o is the cofine to radius.

If BA be fo diminifhed that FG fhall bear a finite proportion to FH, and tco
great to be negle¢ted, BL will not be either to FH or to DK in a ratio of equa-
lity ; confequently, FH or BL muft no longer be fubftituted for DK : as BA
becomes lefs, FB being @il fuppofed evanefcent, DK approximates to the fine
of 1FB to which it is ultimately equal when B and F arecoinciding with A (fig.16.).
In which cafe the proportion will become as HL or HA : FB or FA :: IFA : to
CA, that is, as the verfed fine of FA is to the arc FA fo is half the arc FA to radius,
or fois thearc FA to diameter.

The propofitions which have been demonftrated, comprehend the variation
of the arc exprefled in terms of the cotemporary variation of the fine or cofine
in every part of the quadrant without limitation, it being only allowed to fub-
fiitute the arc FB inftead of its chord, thefe quantities approximating the
more nearly to equality as FB is fmaller, and being ultimately equal in their eva-
nefcent ftate. Moreover, it will be eafy from what has preceded to conftrut a
plane right-lined triangle, which fhall be fimilar to the mixtilinear triangle con-
tained under an arc, its fine and verfed fine when they are diminithed fine limite,
Let FA (fig. 16.) be any arc, FA the chord, FH the fine, CH the cofine of the
arc FA. Bife® FA in D, join CD, and draw the right fine DK : then will the
plane right-lined triangle KDC continually approximdte to ﬁmilaﬁty with the
mixtilinear triangle FDAH as FA becomes fmaller, and the two triangles will be
uitimately fimilar when FA is vanifhing,

3 By
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From thefe geometrical proportions, having given any arc and
the variation of 1ts fine or cofine, the cotemporary variation of
the arc may be eftimated by computation in general for any
part of the quadrant. ILet the fine of any arc be s, the
cofine=¢, the chord of the arc’s variation =x, the given varia-
tion of the cofine=4d, or the given variation of the fine=14,
radius = 1 then if the cofine of the are increafes by the dif-
ference d, the chord of the cotemporary decreafe of the arc, or

—_—%= \/25‘ —2dcF '\/2:1 - zdcT:;;a”
and if the fine of the given arc increafes by the difference 4

+x= \/zc’ ~2bs =V 20" — 265 — 46",
which are the mathematically true values of the chord FB,
and will approximate to the magnitude of the arc FB as that
arc is continually diminithed. The following expreffions for
the chord of the variation & are more compendious, and will
be {ufficiently near the truth when FB is very {mall.

s \/5" 2d
—_—y = A [
¢ & I3
Y

¢ 3
= s .cz*"—s—'

In thefe four expreflions it muft be obferved, that the fine and
cofine are fuppofed to vary by increafe: fhould the variation
be a decrement, the fign of x and of 4 or d muft be changed.

26. Let the quantities p, s, m, #, vary by {mall in-
crements ]3, 5, my 9, refpeCtively, then to obtain the cotempo-
rary variation of cof. ED, becaufe (art. 21.)

Col ED=1-8s"p' x 1 —5"p —m* +m’n* +m’p" — 2p"m’n" +
mn's' Pt o= aminp x V1 —p x /1 =0" x /1 -5,
by taking the fluxion of the equation we have

Vor. LXXI. Kkk Cof.
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27. This value of cof. ED is exprefled in terms of the va-
riation of the fmes of the given |quantities: if 1t be neceflary -

+ 1657 m*n X —n4-2p"n—s*ptn=¢

to exprefs col. ED in terms of the variation of the ares them-
{elves, it mutt firft be confidered to what part of the quadrant
they belong : for example, if s be a fine of an arc & not very
near the extremity of the quadrant, and the variation be s, the

cotemporary variation of the arc 4 will be »——-i—z ; but 1f the
I-35

variable arc be nearly =90°, and becomes exaltly equal to it
ultimately having varied by a fmall arc 4 of which the verfed

{fine=wv; then will - s=the verfed fine of & and —b=+"22.
Laftly, if the variable angle approximates to 9o°, but is not

equal to it, and the variation of its fine thould be=s, the co-
temporary variation of the arc muft be obtained from the
genefzﬂ theorem in art 25.  When either of the two lat-
ter cafes happen, the variation of the arc muft be
determined for each particular cafe; but it will be neceflary
to give a general expreffion for ol ED in terms of the varia-
tions of the given arcs, of which p, s, m, #, are the refpe&tive
fines when thefe arcs are at fome diftance from ¢o°; thisis
contained in the next article,

7 28. Let
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28. Let the angle QRF =2 (fig. 14.); thearc KF =4; thearc
DF=¢, and the angle DFK =4d; their refpeéhve increments
being ‘@, b, ¢, and d, their fines p, 5, m, and #, and the co-
temporary increments of their fines p', 5, m, and n: from thé
proportion contained in art. 24. we fhall have ]3—;1 x &/ 1—:},7,
sméx V-5, m=cx \/m, and n=dx 1 —n’, which
being fubftituted in the value of &L ED laft found will give

CUI‘“LU-: —165%Y 1= p’ - chzx U= 2"pPn® 4+ 1P 4 2t 4" WP + Zizmznzf’z

:L__m?”py(‘/ 5 XV]_n X3 4’P

- 10p" % ViZExshx1— 25°p" — o L 't 4 PP — ot n A 2P

2 VXV 122X 2 — as®
imnpx I n:‘iﬁ_l P X238
VI——J?‘

& 165" x YV 1-nfme X 1=n"=p* + 2p"n’~s pn“—zpnx‘/l nx V15 xVi-p p

; ——— Vi VI 221 —an?
-}-1652pzmzx\/1-nzxdx —-n+2pn——.cpn:r?x ! ’; ! f XE—-an
I—#n

This quantity (art. 23.) being divided by the ﬁne of the ob-
ferved angle, the variation of that angle or ED Wlll be the

quotient.
29. In the expleﬁion for cof. ED contained in art. 26. the

variations /J, 5, m, and n, are arbitrary, as are,a, b, ¢, and d,
in the laft article. If a condition be annexed to the variation
of any of them, two or more may become dependant on each
other; and their relation muft be determined by the nature of
the cafe. Moreover, if one or more of the given arcs and
their fines thould be corre&, the variations correfponding and
all the terms multiplied into them will vanith. To give an
example of the ufe of thefe expreffions before they are applied
to the immediate purpofe of examining the new conftructions

Kkka2 defcribed
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defcribedin art. 15. and 16. let it be required to affign what error:
is occafioned in obferving a given angle with a HADLEY's feftant,,
in which the telefcope is parallel to the plane of motion, but.
the two reflectors deviate from their perpendicular to that plane
by a finall angle & Suppofe the error of half the arc pointed
to by the index to. be a, and confequently the error of the fine
of half that * arc =ax+/1—p"=p: in this cafe, becaufe the
inclination of the refletors to the plane of motion is nearly-
= o°, thevariation of the fine will be equal to the verfed fine of:
the {fmall arc 4, by which the inclination deviates from go®; let
2 be the verfed fine of 4, then will - s=wv (s varying by a de-.
crement of v). Moreover, becaufe a conditiom is annexed, which.
is, that the line of obfervation is parallel to the plane of mo-
tion, the variations 3,‘ 7;\2,; and ;1, will be dependent on each
other. 'Fo inveftigate their relation let FO =4 (fig. 7.). be the
fmall arc which meafures the deviation of the reflettors from
the perpendicular to the plane of motion: then, becaufe fim.
DO =m, and fin. DOF =#n=1 by the problem, when F from
having been coincident with O has moved through the arc OF,,
it is plain, that #=fin. DFO - fin. DOF= (7 being a decre-
ment) ;. but, by the 4 properties of {pherics, cof. DFO =

#2vxcof. DF _ Voux ¥ 1—m?
fin. DF

* phere, as in the general folution, denotes the fine of half the arc to-which

: and FO being very {mall, the

the index on the plane of motion is dire&ted, thatis, p = the fine of one-fourth
of the angle obférved'in Mr. HADLEY’s conftrution.

- 4 Fig. 7+ as rad..: cotang. DF :: tang, FO : cof. DFQ, that is,. FO being very:
fmall,and therefore FO = 2 x verfed fine of FQ, as rad. : cotang.. DF :: V201 cof..
PFO : by the problem fin. DF =, and cof. DF:V—:_:;;", wherefore cot, DF =:

. —m® N . n oy V - m*
Vi-m , which gives cof. DFO =Viox 17",
Cm .

fine
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fine of DFO =1 - %% 1- ﬁom which 1 = fin. DOF being {ub-

m-

—

. —UXI—m" —
tracted leaves #=—=,——; or becaufe § = — v, 7= +:><1z "
L . om

‘e —., r—— .
Moreover, the*quantity - 1——-—’— in the nafcent ftate of 1 —s* and

z; . . -

L—p= " md\/ 2 _. Making therefore in the
1—m" 1 —n* Vl—m"

—uX1—m" e .

:ﬂ, -— = f,.,

general expreffion contained in art. 26.

I—J
; Z,n—s— 1, we fhall have

axVi—p = p, and ==

L‘oi'.hD:—lépaxV 1—p2><1—2p2+ 16070 X T— 2 p* - p*m" s mp X V“f:;z;x V?—?Z

- 16p20X 1p i+ M P mph N T — = x YV L= pr = — 16pax V' 1 —p*X1-2p* 4
16 p" v x 2 -3p’~m2+2p’mz_—;:2mp V1 —m" x/1 _Pz. andi
becaufe the fine of theobferved angle is 45 x V1—p P x1— ZP ,
the error of the obfervation. 1tfelf, that is,

E:D~=4a' 4pv><°—3p —m®+2p*m’ 2mpx‘/1—m2x»v;‘:;‘z.~.
-4 ‘\/1 _.p XI’-2P

In this example the pofition of the telefcope has been fup-
pofed exaltly in the plane of motion; fhould it be in-
clined to that plane at a fmall angle, of which the verfed
fine =wv, the pofition of the refleCtors. and the arc: pointed to

by the index being corre&,. the geneml value of col, ED. will

give the error of the obfervation, or ED = —4pvX Vi

1—2p*
30. To
% 1—s*  —255 * X I +.'v>< 1—m
The nafeent value of —— =" """_; but n= - z
1—u* L um m m
2.
- m*
wherefore 53 = -— —;, when's and 7 are nearly =

1—n"  1—m
4 When the pofition of the telefcope only is erromeous, the points F and'O
coincide
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30, To examine in what degree an obfervation taken by the
new conftruftion defcribed in art. 15. 1s affe@ed by known
esrors in the given quantities, let the reflettors B.and C deviate
by cxcefs from their true angle of inclination to the plane of mo-
tion by a fmall angle +4: let the angle of incidence on the
fixed fpeculum be too great by the increment ¢: let the fixed
plane of refletion deviate from the fecondary KO with which
it fhould coincide by a {mall angle 4; and laftly, let the error
of the arc pointed to by the index be =2 a; then thefe variations
are arbitrary, nocondition being annexed. Morcover,- by the

conftru&ion m=s=—, and #=o0, which values being fub-

m/ 2’
ftituted in the gcncxal expreflion contained in art. 28. we
fhall have.
ColED= — 4ap xV 1 p—apbx 1—p +apeX 1= pr 72V 2p3d% «/I_P ;
and becaufe the fine of the angle meafured =2p x /1 - ',
the error of the obfervation required, or ~

coincide (fig. 7.) let the inclination of the telefcope to the plane of motion with
which it fhould coincide, be meafured by the finall arc Dd; then the correfponding
varntlon of the angle DOK will be DO4. let Dd=¢, and its verfed fine = v ;
fince the fine of DO= m, and the fine of DOK=1=n by the problem, n = the

& v

verfed fine of DO4; but DOd=— —» and the verfed fine of DOd = —=—:

2m m

e =D . . . . . .
wherefore n—=—. 'This being premifed, it appears from art. 26, when ; pyand s,
m

V S TR T
Viiw

are=o, that cof. ED = 416 5*p"m*n X —n + 2p7 ",k

+16 5 p “mm X 1—n%— p* o 2p®* 5" p* 2—‘zpnx"/l"‘”&Xt/I - XyY1—

in which quantity, fubftituting 1 for s, 1 for n, and for n, we fhall have

E(Tf'.“ﬁ-]_ﬁ: +16puX1 —p", which being divided by the ﬁng of the obferved
angle = 4p X V1 —p* X 1—p ,the quotient will be the variation of that angle orED =

- 4v1>»<t/!—1>
1——2p ED=

a4
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ED=2a+42pbx V1 —p —2pc x /1 = p==/2p%d.

It appears from the firft term 2a, that an error in the arc
pointed to by the index, caufes an equal error in the obferved
angle ; whereas a double error is caufed by it in HADLEY’s
{extant, which gives the new conftrution confiderable advan-
tages : to counter-balance thefe the errors in HAPLEY’s conftruc<
tion, caufed by a wrong pofition of the refleCting planes, &c. are
almoit evanefcent ; whereas the three laft terms in the value of

ED juft found, may become coniiderable, unlefs great care be
taken in making the adjuftments: the feparation alfo of the
images, when in conta&, caufed by any unfteadinefs of the in-
ftrument will be greater than in Mr. HADLEY’s conftruion # ;

but

* The variation of the obferved "angle_l-i—l-) will thew how much the imagés, feen
in conta& in the field of the telefcope will appear to divaricate on any motion of
the entire conftru&tion. For example, while the images of the obferved objeéts
are coincident in the field of the telefcope, fuppofe that Mr, HADLEY’s inftrument
were turned round inits own plane through a fmall angle : here s, #, and p,. not

being affeCted by this motion, it follows, that 5 y and_{;: 0, m=the fine of the
angle of incidence on the fixed {peculum, being the only quantity which fuffers

alteration : let its variation = m, which will give from art, 26, the correfponding
variation in the cofine of the obferved angle, or

Col. ED= + 1657;1)’»17;1 X 1=n"=p* + 2p2n2—52p"n2$2pnx1/.1——7;‘ X/ 1=5" X 1/}—-};\
—o, becaufe n=s=1. Wherefore any motion of the images in the plane of
the inftrument will not caufe the leaft feparation of them. Now fuppofe the whole
1o be turned on an axis fituated in the plane of motion, and perpendicular to the

telefcope’s axis: if the angular motion be meafured by an arc of which the verfed

__4upx v —-pa’

fine v, the points in conta& will be feparated through an angle 5
P 2}'1

p being the fine of one quarter of the angle obferved ; but the quantity o being
very {mall, when the angular motion does not exceed 30, the divarication of the
images will be inconfiderable. All oblique motions of the telefcope’s axis, and
confequently of the image feen by direct rays, may be refolved into thofe that

have
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but in meafuring the fmaller angles, this feparation of the
images, as well as the errors exprefled by the three laft terms
will be greatly diminifhed while that which is denoted by 24 con-
tained in the firft term is not increafed. On the whole, from
the properties which have been demonftrated to belong to this
conftruction defcribed in art. 135. it may {feem worthy of atten-
tion in praltice, for fome aftronomical as well as other ufes.
31.By the fame way of examination it may be judged, whether
the method of obferving by two reflections from plane furfacesbe
applicable to the menfuration of fmall angles, according tothe
conftruétion defcribed in art. 16. Let the.errors of the four given
quantities (as in the laft article) be 2a= the error of the arc

have been confidered, which are perpendicular to each other: and from hence the
reafon appears, why the motion of a thip at fea does not much difturb the obfer-
vation of angles by Mr. HapLEY’s inftrument. v

The new conftrution defcribed in art. 15, is not fo well adapted for obfervation
where it cannot be fteadily fixed. When the images are in contal, if the inftru-
ment be turned in its own plane through a {mall angle ¢’ the feparation of the
images will be = 2¢'/p* (becaufe d’=Y'2¢", vid. p. 426.) p fignifying the fine
of half the obferved angle : this it is evident will mott affect the obfervation of
the larger angles ; but in meafuring thofe that are {mall, the divarieation will be-
come inconfiderable. Moreover, if the angular motion of the inftrument be ¢/,
when it turns round an axis in the plane of motion, and perpendicular to the tele-
fcope’s axis, the feparation of the images will be = 2¢”pX ‘/?:]:’T, - 426. which
it is plain will moft diflurb the obfervations of angles about go°, but will fcarcely aiter
the contaé of the images, when the angles meafured are very fmall, or near 180°.

The objects obferved and their images are here underfiood to be phyfical
points : thus, when the two images of the fun are feen by direct and refletted
rays, and the limbs appear precifely in contact, if by any motion of the inftru-
ment the contaét is difturbed, the points which before touched, being the obferved
objects, are faid to be feparated, whether the centres of the folar images approach
or recede from each other, the feparation being -eftimated in the direction of
an arc which paffes through the centers of the two folar images.
- Experience muft -determine in what degree this feparation of the images will
difturb obfervations taken at fea with the new conftruction.

3 pointed
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pointed to by the index ; 4= the crror of the inclination of the
refletors to the plane of motion ; ¢ = theerror in the angleof inci-

dence on the fixed fpeculum; and = the inclination of the fixed
plane of refletion to the pnmmve fecondary with which it

fhould coincide. ~ Referring to the general value of cof. LD,
(art. 28.) and making 7 =0 we fhall have

Col.ED=-1(xV 1"-'-:/;“/) X 12, 3’/}’ . w 20 =104 XY Y= B =25 = +

+10$ f) ‘.Illv "/I -—m X1 -—1; ,-10/[;?-" /x ‘/X-—‘S X VI_P s
and bccau{u s being very fmall, the fine of ED (art 23.) ap-

g

Pt ommdtcs to 4p VoL —m'+p'm’, the error of the obferva-
D= aasx VI—p xr--z;“"—-m+zpm
v 1—nt Pt

tion itfelf, or }L

by /T 3% BTG 23
+4pa>< I X I 2pTs +mp

V1= b prnd
4spmeX VI —m® X 1 —p*
vV 1—m + pm*

- 4_;,‘12pzuix VT x ‘\/;_-———;-D"‘.
- VIt tpm®
The firft term of this expreflion gives the relation be-
tween any {mall variation in the arc pointed to by the index,
and the correfponding alteration in the angle obferved; if
therefore the variation on the divided arc be any fmall angle

o 24, + or — the firft term will exprefs the variation by which
the obferved angle is increafed or diminithed. According to the
magnitude of # and s affumed for this conftru&tion 7 being the
fine of 7°, and s =the fine of 10’, it -appears, that at the very
beginning of the fcale one feccond of a degree in the angle ob-
ferved correfponds to fomewhat lefs than three minutcs. on the
divided arc OP ;_‘ that is, when 2:'zl=about 175", ED=1",
¢, b, and d, not being here confidered. When £=1%, thein-
dex then pointing to 60°, one fecond in the obferved angle cor-

Vor. LXXI. L11 refponds
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refponds to about 199" in the divided arc OP : when p is nearly
= 1, theindex being then diretted to almoft 180°, it muft defcribe
above 2 degrees to make an alteration of 1" in the obferved angle.
"The fecond term exprefies the variation in the obfervation oc~
cafioned by an error 4 in adjufting the inclination of the re-
felting pianes‘to the plane of motion ; but b (art. 18.) cannot
cd i of the leaft angle vifible 1n the telefcope, confe-
qucntly the utmoft value of the fecond term cannot be fo great
as that leaft angle, being at its limit when p=1: it is mani-
feft when pis fmall, that the fecond term is fo much dimi-
nifhed, as to be in a phyfical fenfe evanefcent. The fame may
be faid of the fourth term, contammg the error of the optical
‘xd_]uﬁment d, which befides is multiplied into s the fine
of 10/, The third term 1s occafioned by the error ¢, for
which, confiderable latitude muft be allowed, fuppofe 3':
to eftimate the effe of this error on the obfervation,
let a cafe be aflumed: let the index be dire&ted to go™
when an obfervation is taken for determining the angle fub-
tended between two obje& : then w111 p—~ —3 by fubfti-

tutnlgT for p, the fine of 4° for m, the ﬁne of 10" fors,
2

and 180" for ¢ in the third term, we fhall have, by com-
putation, the value of that term, or the error in the obfer-
vation occafioned by this deviation of ' the angle of inci-
dence from its true magnitude =.”0ogo not the tenth part
of afecond. This is rather an unfavourable cafe, the variation

being not much lefs than at its maximum when p= 17: 2 1f pis
fmall, or nearly =1, the * variation will be wholly infenfible,
32

* The variation is a maximum when 2= the fine of 35° 12’; and confequently

the arc pointed to by the index=70° 24’.. Subftituting therefore the fine of 35° 12/
for,
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32, From contemplating the value of the error = ED,
as exprefled by the four terms juft referred to, fome further ob-
fervations are fuggefted. It appears, that {etting afide the error
of the fcale exprefled by the firft term (the angles meafured be-
ing here fuppoted lefs than 227 567 33 all the others become
{malicr as the quantity p,and confequently the angle meafured
is diminithed, p being multiplied into each of the three laft
terms. This is a material circumftance ¢ for the {fame given erres
would affe& the menf{uration of the {imaller angles in a greater
proportion than the larger. Moreover, if p=1, or approxi-
mates to that quantity, the index then pointing to an angle
nearly = to 180°, the {irft term and the two lait terms become
almoft evanefcent, not only from the circumnftances that have
been confidered, but from the quantities 1 —p*, v/1 = p*, which
are multiplied into them. This alfo the obferver may avail
himfelf of : for {uppofing he thould know, that the angle of in-
cidence on the fixed {peculum, and the fixed plane of refle@ion,
are imperfectly adjufted, and even that the divided arc is incor=,
re®, he may almoft wholly avoid the errors which they would
occafion, by {o adjufting the inclination of the refle@ors
to the plane of motion, in refpet of the angle meafured, that

for p in the third term, (p. 429.) every thing elfe remaining, the Mmaximum of
variation in the obferved angle on account of 3’ difference in the angle of inci«
dence on the fixed fpeculum will appear to be = ".098. .
N . . 4 . . . .’

The error of an obfervation occafioned by a variation ¢ in the ahgle of inci-
dence on the fixed fpeculum, can never exceed the yy'yy part of ¢, which is the
maximum of ervor, the angle meafured being = =22’ 56" 33"/, the index

. .

then pointing to y0° 24’. 'The error, caufed by a finall angle 4, at which
the fixed plane of refletion. is inclined to the primitive {econdary with which it
fhould coincide, cannot exceed the yyhgs part of &, which is its maximum
when the angle meafured is 327 33”7 3", the index then béing direéted to 109° 20'.

L.112 the
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the index fhall point to fome degree near to 180° which is

done by making that inclination very little more than one-

fourth of the angle to be cbferved.

33. The tables 1. and 11. arc calculated for taking the
diameters of the {un and planets : *the conftru&ion being formed

on the principles which have been explained (art. 16. 17. 18,

21. 32. fig. 12, 13.)

The fixed plane of refletion is coinci-

dent with the primitive fecondary, and confequently z=o0:

the common inclination of the reflettors to the plane of mo-

tion = 10’ ; and the conftant angle of*incidence on the fixed

(peculum = 7",

TABLE I.
Arc
pointed tof Obferved »
by the angle. Diff.
index.
o 20 47|, L
20 47
2° o 41 34 |—
: 20 47
3 1t 2 a1
' 20 47
4° 1 23 8 f——or
' 20 46
5° |t 43 54 f———
20 46
6° |2 4 40 |——
20 45 |
7° |2 25 25 —
_ 20 4§
8% 2 46 10
20 44
9 3 6 54—
\ 20 43
10° 13 27 37

TABLE II.
:A’ﬁ - Ublerved
F'Ol;;tfhcm angle. Diff.
index,
_‘—_;—-'/ 7 140
100 30 32 5‘[ 7 oz
. 113 2
101° 130 40 1gl—me—
13 20
102° 130 59 39—
: 13 12
103° 131 12 §1———
. 13 3§
1047 |31 25 54 ,
12 54
105° |31 38 48l——u—
12 46
106° 131 51 34f———erm—
Nl 1237
107° 132 4 1lf———e——
12 28
108° 32 16, 39|~
12 19
109° |32 28 58
12 11
1107 |32 41 g

The
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The divarication of the images while they traverfe the field
of the telefcope during the time of an obfervation, and the
errors of the obferved angle in confequence of any change in
the quantities m *and # (p. 429 ) fhould they appear to be of
fenfible magnitude, may be diminithed until they are i
phyfical {enfe evanefcent, by altering the values of s and m
(art. 31.): for this purpofe it will be requifite to ufc two fe~
parate conftructions; the one for obferving very fmall angles,
“thofe, for example, which do not exceed 2’ : and the other,
for meafuring fuch angles as are fubtended by the {fun and moon..
In the former of thefe s may be affumed = the fine of 307,
m = fin. 7°, and # = o. From thefe data tab. 171, is calcu-
lated. In the other conftruction, becaufe very {mall refleéting
furfaces are neceflary to obferve the fun by two refletions (art.
17.) m may be affumed = fin. 1°, s ‘being = fin. 10", and
n = o: from which conditions the fourth table 1s calculated.
Thefe tables may be eafily extended, by calculating from the

value of cof. ED or tin. £ED* contained in art. 21. or 22.

# Let the telefcope with the entire confiru®ion be fteadily fixed: then if the
objects obferved be in contat while the touching points occupy the center of the
field, the angle of incidence on the fixed fpeculum will be of its true magnitude ;
that is, its fine or m will = fin. 4°in tables I. II. and I1l.; andm = fin. 1°in
table IV. The fixed plane of refletion alfo will be coincident with the primitive
fecondary in all the cenftrultions correfponding to tables I, I1. I1L. and IV, The
te\lefcope continuing unmoved, the diurnal motion of the heavens will caufe the
points in contaét to leave the center of the field ;. this will occalion'no alteration in

the quantities 5 and p,, but will affe&t m and z.only : therefore, ;*and’;;‘: o. To

eftimate the effects of this change in the wvalues of m and », let m=—c x vz m,

and n=dx V1 —n*, as inart, 28, and fuppofe aline to be drawn through the centre
of the field in a plane, perpendicular to the plane of motion : this line will be in the
fixed plane of reflettion; and any deviation of the points in contaé through a

{mall angular fpace ¢, from the center of the field will caufe an equal variation ¢ in-

the:
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r

“the angle of incidence on the fixed {peculum; the correfponding feparation of

. . aspamex Y 1 epf 1 —p* . .
the images will be== /i -(p. 429.) which is the greateft poflible

1 — + mzpz

S — 10> 4 it — —— ,2 ) :
when p = \/“ 9 4mzl 33T — fine of 35° 11/ 459" (if m = fin. 7,

. . ¢ .
and s=fin,10’, asin tab. I. and IL) being thcn:l—é-_:; 3 but if s==fin, 50”7, as in
J

s

tab. 111, the greate(t feparation will be only d -
30740

third of a degree for the images motion through 1o in the field of the telefcope,
Ta like manner let a line be drawn through the center of the field perpendicular tothe
line before defcribed 3 any deviation of the points in contaét through a fmall angle

, correfponding to lefs than one=

¢ in the direéion of this line will caufe the plane of reflection at the fixed fpeculum
to be inclined to the primitive fecondary with which it fhould coincide at an angle ==

. S iy .
3 . ‘ UTTN . mp*se xV 1 — —p*
—; this will occafion a feparation of the images = 4mp EXV L
wn : , V1 -t mp*

(page 429. %.. being there fubftituted for d ') which is the greateft pofiible when
m

Vo—8m'—3—4m”
P = 4in* )

If m==fin, 4° and 5 = fin. 10’, as in tab. I, and II,

the greateft feparation of the images will be = —— = 4
828 14996

,, d
— ’°. I == =
and m==fin. 7°; s in tab, TIL it will only = $6560 " 399970

: but if s= fin, 30"

S e

, which anfwers to

a divarication of lefs than 1"’ for the images motion through 10’ in the field
of the telefcope, in the dire®ion of the line above deferibed, which is drawn
through-the center of the field, and perpendicular to the fixed plane of refletion.
It muft be remembered, that the feparations of the images here eftimated are
greater than can poflibly happen in thefe conftruétions, when the index is
direCted to any other points of the circumference of the plane of motion (the
diftance of the images from the center the field mot exceeding to’) and are,

even in this cafe, phyfically fpeaking, evancicent,
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éf the Angle fubiended by T wo Objeéls, &c.

T ABLE IIIL

Arc

pointed tef Obferved |
by the angle.  {Diff.
index. .
w0
I("Oo ! 3I 39 g
40
101° 32 19 |——
40
102° 32 §9 |——
40

103° 33 39
39

104° 34 18
38

105° 34 56
38
106° 35 34 [—
38
107° 36 12 |—
108° 36 50 |—
37
109° 37 27—
3 %6

110° 38 3

435
T ABLE 1V,
Arc :
pointed to| Obferved
by the angle, Diff.
index.
100" 130 38 231, ,, |
13 24
1I01° |30 81 44|}
’ I3 15
102° |31 § o
13 7
103” 131 18 g|]—
12 58}
104° 131 31 gl——r
12
105° 131 43 56 il
—| 12 41
106° 131 56 37
12 32
107° 132 9 ¢
12 23
108° (32 21 32
12 I4
109° 132 33 46———r
12 6 ;
110° |32 45 52 :
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